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SUMMARY
A logistic regression model may be used to provide predictions of outcome for individual patients at
another centre than where the model was developed. When empirical data are available from this centre,
the validity of predictions can be assessed by comparing observed outcomes and predicted probabilities.
Subsequently, the model may be updated to improve predictions for future patients.
As an example, we analysed 30-day mortality after acute myocardial infarction in a large data set
(GUSTO-I, n = 40 830). We validated and updated a previously published model from another study
(TIMI-II, n = 3339) in validation samples ranging from small (200 patients, 14 deaths) to large (10 000
patients, 700 deaths). Updated models were tested on independent patients. Updating methods included
re-calibration (re-estimation of the intercept or slope of the linear predictor) and more structural model
revisions (re-estimation of some or all regression coecients, model extension with more predictors). We
applied heuristic shrinkage approaches in the model revision methods, such that regression coecients
were shrunken towards their re-calibrated values. Parsimonious updating methods were found preferable
to more extensive model revisions, which should only be attempted with relatively large validation
samples in combination with shrinkage. Copyright ? 2004 John Wiley & Sons, Ltd.
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1. INTRODUCTION
Logistic regression may well be used to develop predictive models for dichotomous outcomes, such as short-term mortality [1]. When a previously developed model is applied
in another centre, and=or in a more recent time period, the external validity (or generalizability) of model predictions is important [2]. When empirical data are available, the
external validity can be assessed [3]. Also, we may consider updating of the previously
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developed model [4, 5], such that the predictive model is adjusted to local and=or contemporary
circumstances.
We may consider various performance measures in the assessment of external validity,
including calibration (agreement between predicted probabilities and observed frequencies)
and discrimination (ability to distinguish favourable from unfavourable outcomes) [1, 2]. Calibration may conveniently be studied in the context of a general calibration model, where
the linear predictor based on the previously developed model is the only covariate [6]. This
model has only two free parameters: intercept  and (calibration) slope . A simple updating method might focus on re-calibration, i.e. that the updated model has a new intercept
 and new regression coecients based on multiplication of the original coecients with .
An even simpler updating method might only adjust the intercept , assuming a  of unity.
These approaches have been followed for updating of a previously developed model in the
context of risk-adjustment [7, 8] and prediction [5, 9]. We may also consider more extensive
updating methods (‘model revision’), such as re-estimation of regression coecients of some
or all predictor variables, and considering more covariables for inclusion of the model (‘model
extension’) [5, 8].
Re-calibration methods are attractive because of their stability, which is related to the
fact that few parameters are estimated [5]. Their disadvantage is a potential for bias in the
individual regression coecients. In contrast, model revision is expected to lead to a lower
bias but higher variance in the updated model, since more parameters are estimated. Therefore
the sample sizes of both the validation data set and the development data set are crucial in the
choice of updating method. We aimed to study the inuence of sample size on the performance
of alternative updating methods.
Further, ‘shrinkage’ methods can be useful when a predictive model is estimated in a
small data set with relatively many parameters [1, 10–14]. Traditionally, regression coecients
are shrunken towards zero, which is in the spirit of empirical Bayes analysis with a noninformative prior [15]. Here, we consider shrinkage of regression coecients of revised models
towards their re-calibrated values. A motivation for this approach is given in Section 2. Our
second aim was to determine the benet of shrinkage methods when updating a previously
developed model.
As an example, we apply re-calibration and model revision methods to logistic regression
models in a case study of 30-day mortality in patients with an acute myocardial infarction
(GUSTO-I, n = 40 830). Validation and test data sets of dierent sizes were randomly drawn
from geographical regions within this large data set (Section 3). The updating methods are
presented in Section 4, followed by a description of the performance measures that we consider
in Section 5. We present results from some exemplary geographical subsets in Section 6, and
results from more systematic simulation studies in Section 7. We discuss our ndings in
Section 8.

2. GENERALIZED SHRINKAGE AND (SHRUNKEN) RE-CALIBRATION
We will rst discuss the simple linear regression model and generalize our ndings to generalized linear models (GLMs) such as logistic regression at the end of the section.
Copyright ? 2004 John Wiley & Sons, Ltd.
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2.1. Generalized shrinkage
We consider the linear regression model M given by Y = model + 1 X1 + · · · + p Xp + e,
with Y a continuous outcome variable, model the intercept in the model, 1 –p regression
coecients, X1 –Xp covariates, and e an error term with mean 0 and variance 2 . Estimates
of the regression coecients ˆi are readily obtained by ordinary least square estimation in
a training set containing n subjects. It has been shown that shrinkage procedures are useful
to decrease the expected mean square error for future observations [10, 11, 16] if the number
of covariates is relatively large (at least 3). The usual shrinkage model that shrinks towards
the overall mean is given by Ypred = Y + ĉˆ1 (X1 − X 1 ) + · · · + ĉˆp (Xp − Xp ). The amount
of shrinkage needed can be derived by bootstrapping or cross-validation. It is also possible
to estimate the shrinkage factor from the model t [10, 11]. A so-called heuristic shrinkage
factor c has been proposed as ĉ = (Fmodel − 1)+ =Fmodel , where the F statistic is calculated from
the least square estimation. We truncate c at zero, such that c is in the interval [0,1].
The shrunken model can also be written as a compromise model: Ypred = (1 − ĉ)Y + ĉ(ˆ model +
ˆ1 X1 + · · · + ˆp Xp ) = (1 − ĉ)Y + ĉŶ , which is a weighted average of the null-model and the
tted model.
Shrinkage towards the mean can easily be generalized to shrinkage towards a more general
null-model. Let M0 be any linear submodel (including the constant term) of dimension p0 +1.
It might consist of a selection of p0 covariates + the constant, but it could as well be any
other linear submodel. Let F1|0 be the F-test statistic for testing the general model M versus
the submodel M0 . A model that shrinks towards this null-model can simply be formulated as
Ŷ pred = Ŷ 0 + ĉ(Ŷ 1 − Ŷ 0 ) = (1 − ĉ)Y0 − ĉŶ 1 . Using the same arguments as in the case of simple
shrinkage it can be shown that a heuristic shrinkage estimator is given by ĉ = (F1|0 − 1)+ =F1|0 .
Again, shrinkage can be expected to reduce the mean squared prediction error if the dierence
in dimension p − p0 is relatively large.
The generalized shrinkage can be useful if the covariates can be split in one group of a
few well-established covariates and another group of many less important covariates. Another
application is the setting of re-calibration, as we will discuss below.

2.2. Re-calibration
Suppose we have a validation sample of m new subjects, drawn as a random sample from
a similar population as the training set. Predictions for Y are calculated as Ỹ pred = ˜model +
˜ 1 X1 + · · · + ˜p Xp . The validity of this model can be tested at dierent levels. The re-calibration
approach is to dene a linear predictor Z as Z = ˜model +˜ 1 X1 + · · · +˜p Xp , and to use this linear
predictor in a regression model: Ŷ cal = ˆ overall + ˆoverall Z. In the ideal case of perfect validity,
ˆ overall = 0 and ˆoverall = 1. These parameters can be tested with ANOVA or Wald statistics. If
 and=or  signicantly deviate from the ideal case, there is a need to recalibrate the model.
Re-calibrated regression coecients can be calculated as ˆcal = ˆoverall ˜ i . One could say that
the re-calibrated model borrows the relative eects (ratios) of the regression coecients from
the model in the training set.
We can compare the calibration model Ŷ cal = ˆ overall + ˆoverall Z with a model that uses
no external information at all, namely the re-estimated model Ŷ new = ˆ new + ˆ1; new X1 + · · ·
Copyright ? 2004 John Wiley & Sons, Ltd.
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+ ˆp; new Xp . The validity of the re-calibrated model with estimates for overall and overall can
be compared to that of the re-estimated model with new estimates for all regression coecients
using an F test:

(Ŷ new − Ŷ cal )2 =(p − 1)
Fcal = 
(Y − Ŷ new )2 =(m − p − 1)
where p indicates the number of predictors and m indicates the number of patients in the
validation data set. Observe that the dierence in dimension between the calibration model
and the fully new model is equal to p − 1. If this test is non-signicant, we may assume
that the re-calibrated model is reasonable. A signicant test result indicates that regression
coecients need to be re-estimated.
2.3. Shrinkage towards re-calibrated coecients
The generalized shrinkage model can nicely be applied to shrink the re-estimated model towards the re-calibrated model. The heuristic shrinkage factor is given by ĉcal = (Fcal − 1)+ =Fcal
with compromise model Ypred = (1 − ĉcal )Ŷ cal + ĉcal Ŷ new . In terms of the regression coecients,
this combination of re-calibration and shrinkage can be written ˆshrunk+cal = ˆcal + ĉcal (ˆnew − ˆcal ).
2.4. Extension to GLMs
For GLMs such as logistic regression or Poisson regression, the heuristic shrinkage factor
as used above is obtained by replacing the F-statistic by the standardized chi-square test2
=df, where df is the dierence in degrees of freedom between
statistic, that is F̃ = model
the tested model and the null-model. Shrinkage is slightly more complicated than for simple
linear regression. Due to the non-linear eects, the intercept has to be adjusted if a model is
shrunken towards the simple null-model. We propose to apply (generalized) shrinkage to the
regression coecients and to re-estimate the constant afterwards in order to have the overall
mean of the shrunken model equal to the sample mean in the new data set. Details of the
application in our case study are presented in Section 4.

3. CASE STUDY WITH LOGISTIC REGRESSION ANALYSIS
3.1. Patient data
We analysed 30-day mortality in a large data set of patients with acute myocardial infarction
(GUSTO-I) [17, 18]. This data set has been used before to study methodological aspects
of regression modelling [19–22]. In brief, it consists of 40 830 patients, of whom 2851
(7.0 per cent) had died within 30 days. Patients were randomized between four thrombolytic
therapy strategies, but treatment allocation was ignored in the present analysis. Patients were
accrued between 1990 and 1993 at one of 1082 participating hospitals in 14 countries.
Within the GUSTO-I data set, dierent geographical regions were distinguished. Eight in the
United States (U.S.) [23]; four in Europe (based on combinations of neighbouring countries);
Canada; and Australia=New Zealand. For the present analysis we merged 2 relatively small
regions in the U.S. (Mid-South and Mid-West), such that 13 regions were created which
Copyright ? 2004 John Wiley & Sons, Ltd.
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Figure 1. Schematic presentation of the sampling design of the simulation study. The GUSTO-I
data was split in 13 regions. The seven U.S. regions were West (W), South-East (SE), South-West
(SW), Massachusetts (MA), New England (NE), Mid-South=Mid-West (MS=MW), and Great Lakes
(GL). The six non-U.S. regions were Belgium (BE), the Netherlands=United Kingdom (NL=UK),
middle Europe—including France, Spain, Germany, Poland—(MEUR), Israel (IS), Canada (CN), and
Australia=New Zealand (AU=NZ). Updating methods 1 – 8 were applied in random samples from each
region with sizes of 200, 500, or 1000 patients. Updated models were tested in independent test samples
with 1000 patients from the same region as where the validation sample originated from.

included at least 2000 patients each (Figure 1). On average, regions contained 3141 patients
and 219 deaths.
3.2. Prediction models
We concentrated on a previously published model (‘TIMI-II model’) which included eight
dichotomous predictors: shock, age¿65 years, high risk (anterior infarct location of previous
MI), diabetes, hypotension (systolic blood pressure ¡100 mmHg), tachycardia (pulse¿80),
relief of chest pain¿1 h, female gender [24]. The outcome was 42-day mortality, in contrast
to 30-day mortality in GUSTO-I. The model was previously developed with backward stepwise selection methods in data from the TIMI-II trial, which included 3339 patients treated
in 50 U.S. centres between 1986 and 1988 [25]. In addition to these eight predictors we
considered eight previously identied predictors for inclusion in an updated model: height,
weight, hypertension, smoking, hypercholesterolaemia, previous angina, family history, and
ST elevation in ¿4 leads [26, 27]. These eight additional predictors were not independent
from the eight TIMI-II predictors. Of the 64 correlations considered, most were weak. Absolute Pearson correlation coecients (|r |) were ¡0:10 for 51 pairs, 0:10¡|r |¡0:20 for seven
pairs, 0:20¡|r |¡0:4 for four pairs, and |r |¿0:4 for two pairs (height and sex, r = − 0:65;
ST elevation in ¿4 leads and ‘high risk’, r = 0:39).
We also considered the situation that a smaller sample size would have been used for
construction of the TIMI-II model: n = 500 instead of n = 3339. Hereto, a data set was generated with a marginal distribution of predictors as in the TIMI-II population, and predicted
probabilities according to the original TIMI-II model. Dichotomous outcomes were generated from a random uniform distribution with the predicted probability as the cut-o. Hence,
Copyright ? 2004 John Wiley & Sons, Ltd.
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the estimated logistic regression coecients of the eight predictors varied in each generated
data set.
For further illustration, two other previously developed prediction models were validated in
GUSTO-I. One model was based on a relatively small sample from one coronary care unit in
Belgium (477 patients treated between 1977 and 1980). It included 1 dichotomous predictor
(anterior infarct location) and 2 continuous predictors (age and left ventricular function) [28].
Another model was based on the relatively large GISSI-2 study (n = 9720 patients treated in
Italy in the 1980s). It included four predictors with 9 df: age (in ve categories), Killip
class (in four categories), number of leads with ST elevation (in four categories) and anterior
infarct location (dichotomous) [26].
3.3. Simulation studies
Validation samples were randomly drawn from each region in GUSTO-I (Figure 1). These
samples provided the data to update the TIMI-II model. Sample sizes were 200, 500 or
1000 patients, with sampling of a constant fraction of survivors and deaths according to the
prevalence in a region. The updated model was subsequently tested in sets of 1000 independent
patients from the same region as where the validation sample originated from. The procedure
was repeated 100 times within each of the 13 regions, resulting in a total of 1300 evaluations
for each validation sample size. A similar procedure was followed for smaller development
samples: 100 simulations were performed, which included estimation of regression coecients
of the TIMI-II model in development samples of n = 500 or 3339, and evaluation in each of the
13 regions with validation samples of n = 200, 500, or 1000. This resulted in 1300 evaluations
on the test samples of n = 1000 for each combination of development and validation sample
size.
Updating of the TIMI-II model was further studied in the U.S. patients (n = 23 034) to gain
insight in the performance of updating methods with larger validation samples. Validation
sample sizes were 1000, 2000, 5000, or 10 000 patients, with testing of the updated models in
10 000 of the remaining U.S. patients. For each validation sample size, 200 evaluation were
obtained.

4. UPDATING METHODS
We considered several methods to update a previously dened logistic regression model
(Table I). The methods were ordered according to the number of parameters that were estimated for updating of the original model. The rst method was not to allow for any updating,
that is to keep all regression coecients xed at their original value, including the intercept.
The linear predictor Z for method 1 (Z1 ) was calculated as

Z1 = TIMI +
i; TIMI xi
i∈1;:::;8

where TIMI is the intercept and i; TIMI are the eight regression coecients that were previously
published for the TIMI-II study [25], and xi the predictor values in samples from the GUSTOI study [18]. This method provided a reference upon which improvement should be obtained
with updating.
Copyright ? 2004 John Wiley & Sons, Ltd.

Statist. Med. 2004; 23:2567–2586

2573

UPDATING OF LOGISTIC REGRESSION MODELS

Table I. Updating methods considered for the TIMI-II model in the GUSTO-I data.
No.
1
2
3
4
5
6
7
8

Updating method

Predictors
considered

Parameters
tested

Parameters
estimated

No adjustment
Intercept 
 + calibration slope overall
 + overall + 1::8|p60:05
 + 1::8
 + overall + 1::8|p60:05 + 9::16|p60:05
 + 1::8 + 9::16|p60:05
 + 1::16

8
8
8
8
8
16
16
16

0
0
0
8
0
16
8
0

0
1
2
2–9
9
2–17
9–17
17

The original model contained eight predictors. Eight additional predictors are considered in methods 6 – 8.
Methods 4 and 6 involve testing of the deviations from recalibrated regression coecients () with p60:05
as the selection criterion.

The second and third methods were simple re-calibration methods. Updating of the intercept
intends to correct ‘calibration in the large’, i.e. to make the average predicted probability equal
to the observed overall event rate: Z2 = ˆ + Z1 . Hereto we t a logistic regression model in
the validation sample with the intercept  as the only free parameter and the linear predictor
based on TIMI-II (Z1 ) as an oset variable (i.e. the slope is xed at unity). In method 3,
we update both the intercept  and the overall calibration slope overall by tting a logistic
regression model in the validation sample with the linear predictor based on TIMI-II as
the only covariable: Z3 = ˆ + ˆoverall Z1 . This method has also been labelled ‘logistic calibration’ [1].
Methods 4–8 made more structural changes to the model, referred to as ‘model revision’
[5]. With method 4, we rst performed method 3, and then tested whether predictors had
an eect that was clearly dierent in the validation sample. We hereto performed likelihood
ratio tests of model extensions in a forward stepwise manner, stopping when p¿0:05 for each
covariable. As a maximum, seven covariables were selected, since overall was always included
in the model. The number of estimated parameters could hence vary between 2 and 9. The
linear predictor becomes:

ˆi xi
Z4 = ˆ + ˆoverall Z1 +
i∈s

where s indicates the selection (maximum 7) out of covariables 1; : : : ; 8, and i the deviation
from the re-calibrated coecient value: ˆi = ˆi − ˆoverall i; TIMI .
With method 5 we t the TIMI-II model anew:
 ˆ
 i xi
Z5 = ˆ +
i∈1;:::;8

where ˆi are the re-estimated coecients for the eight covariables i as specied in the TIMIII model. Note that method 4 falls in between method 3 and 5: if selection of ˆi is extremely stringent (p-value of 0), method 4 is equal to method 3 (no individual coecients
re-estimated), and if selection is extremely liberal (p-value of 1), method 4 is equal to method
5 (all individual coecients re-estimated).
Copyright ? 2004 John Wiley & Sons, Ltd.
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Methods 6–8 consider additional predictors, and might hence be labelled ‘model extension’
methods. Method 6 is an extension of method 4: we re-calibrate the TIMI-II model with
an intercept  and the overall calibration slope overall , and stepwise test 16 predictors for
statistically signicant eects. The linear predictor becomes:

 ˆ
ˆi xi +
 j xj
Z6 = ˆ + ˆoverall Z1 +
i∈s

j∈s2

where s and s2 indicate the selection out of covariables 1; : : : ; 8 (maximum 7) and additional
covariables 9; : : : ; 16, respectively.
Method 7 is another variant, extending method 5:
 ˆ
 ˆ
 i xi +
 j xj
Z7 = ˆ +
i∈1;:::;8

j∈s2

where s2 indicates the selection out of additional covariables 9; : : : ; 16 that have statistically
signicant eects in the validation sample.
With method 8 we t a modelwith 16 covariables k, i.e. 8 from the TIMI-II model and 8
additional covariables: Z8 = ˆ + k∈1;:::;16 ˆk xk .
4.1. Shrinkage variants
We extended methods 4–8 with shrinkage as discussed in Section 2. We calculated the shrinkage factor as
ĉcal =

2
+
(Model extended
-recalibrated − df)
2
Model extended-recalibrated

where the model 2 was based on the dierence in −2 log likelihood between a model with
re-estimated predictors and the recalibrated model, and df corresponded to the dierence
in degrees of freedom of these models. Regression coecients were shrunken towards their
re-calibrated values as obtained with method 3. For the rst eight predictors in our study
this means that any re-estimated coecients are shrunken towards the re-calibrated values
from TIMI-II (overall i; TIMI ) with methods 4 and 5. The coecients of the additional eight
predictors considered in methods 6–8 were shrunken towards zero since these predictors were
not included in the TIMI-II model. The intercept of the shrunken model was re-estimated to
ensure that the sum of predicted probabilities equalled the sum of observed outcomes (in our
case: deaths). When stepwise regression was applied to select predictors for the model, the
degrees of freedom of the candidate predictors was considered in the formula [11, 29].
4.2. Calculations
All calculations were performed with S-plus software (MathSoft, Inc., Seattle, WA, version
2000). We used functions from the Design library for logistic regression (lrm.fit) and
validation (val.prob) [30]. All updating methods were performed within the same samples,
smaller validation samples were subsamples of the larger ones, and all updated models were
tested on the same independent data. This allows for ecient pairwise comparisons of ndings.
Dot charts were created to enable a visual comparison of the joint eects of alternative
updating methods and sample size [31]. Averages of performance measures were calculated
with 5 per cent trimming to improve stability.
Copyright ? 2004 John Wiley & Sons, Ltd.
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5. PERFORMANCE MEASURES
We used a number of performance measure to validate the TIMI-II model and to evaluate updated versions of that model. Validation included an assessment of calibration, discrimination
and overall performance.
For calibration, we focused on the intercept and slope framework as originally proposed by
Cox [6]. The calibration slope is the estimated regression coecient  in a logistic regression
model with the linear predictor as the only covariate [32]:
observed mortality ∼  +  linear predictor
The observed mortality is coded binary (0=1), and the usual logistic link function is applied.
The linear predictor (or prognostic index) was calculated as the linear combination of the
regression coecients from the TIMI-II trial with the values of the covariables for each
patient in the test data. Well-calibrated models have an intercept  of zero and a slope  of
1. To quantify miscalibration we used the unreliability index U , which is the dierence in
−2 log likelihood of a model with both  and  as free parameters and a model with  = 0
and  = 1 [32, 33]. The statistic was scaled by dividing by the number of patients.
For discrimination, we used the concordance statistic c, which is equivalent to the area
under the receiver operating characteristic (ROC) curve. C varies between 0.5 and 1.0 for
sensible models; the higher the better [1, 32].
As a measure of overall performance,
the Brier score or average prediction
 we studied
(yi − pi )2 =n, where y denotes the observed outcome
error. The Brier score is calculated as
and p the prediction for subject i in the data set of n subjects [34]. The Brier score is 0 for
perfect models. When the predicted mortality is 7.0 per cent for every patient (equal to the
average observed mortality in our example), the Brier score is 0.0651.

6. EXAMPLES OF VALIDATION AND UPDATING
6.1. Validity of the TIMI-II model
As a rst impression of validity we compared the regression coecients as previously estimated in the TIMI-II trial (n = 3339) to those in GUSTO-I (n = 40 830) (Table II). We note
that the coecients were reasonably similar, although the coecients of age and hypotension
were somewhat larger in GUSTO-I, and those of shock, high risk, and especially diabetes
smaller.
We further studied the estimated coecients in smaller parts of the GUSTO-I data set, which
illustrates the combined eect of regional and sampling variability. A total of 23 034 patients
were included from the U.S. Within the U.S., 2188 patients were treated in 55 hospitals in
the Western region of the U.S. Of these, 429 were described in detail in a previously report
(noted as ‘sample 5’) [22]. For diabetes, the (non-signicant) coecient was close to zero
in the West region and negative in sample 5. Also, the eect of sex vanished in the smallest
sample. We tested for evidence of regional variability among the 13 regions. The intercept
depended clearly on region (p¡0:001), while the eects of the eight predictors did not
(all interaction terms of predictors *region had p-values ¿0:05).
Copyright ? 2004 John Wiley & Sons, Ltd.
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Table II. Logistic regression coecients ± standard error in the TIMI-II data and in parts
of the GUSTO-I data.

Variables
Shock
Age¿65
High risk
Diabetes
Hypotension
Tachycardia
Time to relief
Sex
Intercept

TIMI-II
n = 3339

GUSTO-I
Total
n = 40 830

GUSTO-I
U.S. patients
n = 23 034

GUSTO-I
W region
n = 2188

GUSTO-I
sample 5
n = 429

1:79 ± 0:29
0:99 ± 0:18
0:92 ± 0:26
0:74 ± 0:19
0:69 ± 0:27
0:59 ± 0:16
0:53 ± 0:20
0:47 ± 0:19
−4:47 ± 0:35

1:60 ± 0:08
1:43 ± 0:05
0:71 ± 0:04
0:28 ± 0:05
1:19 ± 0:06
0:62 ± 0:04
0:50 ± 0:05
0:43 ± 0:04
−4:82 ± 0:06

1:56 ± 0:11
1:34 ± 0:06
0:70 ± 0:06
0:31 ± 0:07
1:19 ± 0:07
0:61 ± 0:06
0:51 ± 0:06
0:47 ± 0:06
−4:84 ± 0:09

2:39 ± 0:41
1:64 ± 0:22
0:85 ± 0:21
0:07 ± 0:25
1:22 ± 0:25
0:65 ± 0:20
0:26 ± 0:21
0:62 ± 0:20
−5:09 ± 0:30

2:96 ± 0:92
1:37 ± 0:49
0:76 ± 0:50
−0:11 ± 0:64
1:39 ± 0:57
0:88 ± 0:49
0:68 ± 0:54
−0:04 ± 0:51
−5:19 ± 0:72

Figure 2. Calibration plot of the TIMI-II model (developed in n = 3339) to predict 30-day mortality
after acute myocardial infarction in GUSTO-I (n = 40 830). The solid line represents a non-parametric
smooth curve for the relation between predicted probability and observed frequency. Perfect calibration
is represented by the dotted line through the origin with slope equal to 1. Triangles are based on deciles
of patients with similar predicted probabilities. The distribution of predicted probabilities is shown above
the x-axis (vertical lines). We note that the predicted risks are systematically too high.

The validity of the TIMI-II model for the GUSTO-I patients is further illustrated in a
calibration plot (Figure 2). We note that the observed mortality is systematically lower than
predicted. This might at least partly be attributed to the slight dierence in outcome denition
(30-day mortality in GUSTO-I versus 42-day mortality in TIMI-II).
Copyright ? 2004 John Wiley & Sons, Ltd.
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6.2. Illustration of updating methods
We illustrate the application of the updating methods 2–4 in Table III. Corresponding to the
observed miscalibration in Figure 2, the intercepts were negative (around −0:3) when method
2 was applied, with somewhat more extreme estimates in smaller validation sets. The corresponding odds ratios were between 0.63 (sample 5, e−0:47 p = 0:03) and 0.76 (total GUSTO-I
data set, e−0:28 p¡0:001), indicating that the predicted probabilities were approximately 1.3–
1.6 times too high. The calibration slopes were close to 1 (method 3).
Method 4 updates the original model as in method 3 plus estimation of coecients that
were clearly dierent from overall re-calibrated values. We found that the eects of age, high
risk, diabetes, hypotension, and tachycardia were clearly dierent in the total GUSTO-I data
set. No statistically signicant deviations were observed in the smallest sample, obviating a
clear need for re-estimation of individual coecients (Table III).
The results of method 5, tting the model anew, were illustrated before (Table II).
For updating methods 6–8, eight additional predictors were considered. In a 16-predictor
model, these eight were each statistically signicant (p¡0:01) in the full GUSTO-I data set
(n = 40 830) and the U.S. part (n = 23 034), but their predictive eects were smaller than
those of the eight predictors from the TIMI-II model. Additional predictors with statistically
signicant eects were weight and ST elevation in the West region, and none in the smallest
sample.

Table III. Illustration of updating of the TIMI-II model in parts of the GUSTO-I data according
to calibration methods (methods 2 and 3) and model revision with statistically signicant dierent
coecients (method 4).

Re-calibration: method 2
: intercept
Re-calibration: method 3
: intercept
overall : calibration slope
Revision: method 4∗
: intercept
overall : calibration slope
1 : shock
2 : age¿65
3 : high risk
4 : diabetes
5 : hypotension
6 : tachycardia
7 : time of relief
8 : sex

GUSTO-I
total
n = 40 830

GUSTO-I
U.S. patients
n = 23 034

GUSTO-I
region 1
n = 2188

GUSTO-I
sample 5
n = 429

−0:28 ± 0:02

−0:34 ± 0:03

−0:36 ± 0:09

−0:47 ± 0:22

−0:28 ± 0:03
0:99 ± 0:02

−0:39 ± 0:05
0:98 ± 0:03

−0:10 ± 0:16
1:13 ± 0:09

−0:26 ± 0:47
1:11 ± 0:22

−0:76 ± 0:15
0:91 ± 0:04
+0
+0:53 ± 0:06
−0:12 ± 0:06
−0:39 ± 0:06
+0:56 ± 0:07
+0:09 ± 0:05
+0
+0

−0:62 ± 0:17
0:94 ± 0:04
+0
+0:42 ± 0:07
−0:17 ± 0:07
−0:38 ± 0:08
+0:52 ± 0:08
+0
+0
+0

−0:25 ± 0:36
1:14 ± 0:12
+0
+0:49 ± 0:24
+0
−0:79 ± 0:27
+0
+0
+0
+0

−0:26 ± 0:47
1:11 ± 0:22
+0
+0
+0
+0
+0
+0
+0
+0

∗
The updated regression coecients i can be calculated as overall i; TIMI + i , where i; TIMI are considered
known. Calculation of the corresponding standard errors of these updated coecients would require an estimate
of the covariance between overall and i .
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Table IV. Apparent performance of updated versions of the TIMI-II model in
parts of the GUSTO-I data.

Method

GUSTO-I
total
n = 40 830

GUSTO-I
U.S. patients
n = 23 034

GUSTO-I
Region 1
n = 2188

GUSTO-I
sample 5
n = 429

Parameters
estimated

1
2
3
4
5
6
7
8

0
1
2
7
9
17
17
17

0
1
2
6
9
13
17
17

0
1
2
4
9
5
11
17

0
1
2
2
9
2
9
17

Miscalibration
(U statistic)

1
2

0.005
0.000

0.007
0.000

0.007
0.001

0.008
0.001

Discrimination
(c statistic)

1
2
3
4
5
6
7
8

0.782
0.782
0.782
0.793
0.793
0.802
0.802
0.802

0.780
0.780
0.780
0.791
0.790
0.800
0.800
0.800

0.795
0.795
0.795
0.810
0.819
0.819
0.828
0.830

0.776
0.776
0.776
0.776
0.793
0.776
0.793
0.851

Overall
performance
(Brier score)

1
2
3
4
5
6
7
8

0.059
0.058
0.058
0.058
0.058
0.057
0.057
0.057

0.058
0.057
0.057
0.057
0.057
0.056
0.057
0.057

0.052
0.051
0.051
0.051
0.051
0.051
0.050
0.050

0.047
0.047
0.046
0.046
0.044
0.046
0.044
0.040

Results are shown for methods 1 – 8, except for miscalibration (U statistic zero for methods 3 – 8).

6.3. Apparent performance
In Table IV we show the apparent performance of the updated models from Tables II and III.
When no updating was performed, the miscalibration (as quantied by a scaled chi-square
statistic) was 0.0046 in the total GUSTO-I data and slightly larger in the smaller samples
(around 0.0007). When the intercept was updated, the unreliability was close to zero. When
the model was updated more extensively (methods 3–8), the apparent unreliability was by
denition zero.
The c statistic of the TIMI-II model was around 0.78 with methods 1–3. Updating of
some (method 4) or all (method 5) of the coecients led to a somewhat higher apparent
discriminative ability (c around 0.80 in the larger samples). The extension of the TIMI-II
model with more predictors increased the apparent discriminative ability further, although the
increase was small in the total GUSTO-I data set.
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The Brier score showed rather small dierences between updating methods in the larger
samples. A substantial decrease was noted in the smallest sample with more complex updating
methods.
It is well known that the apparent performance may be a severely optimistic estimate of
performance in new patients. For illustration, we studied the internal validity of three models
as identied with method 3, 5, and 8 for the smallest sample (n = 429). Models were developed in 200 bootstrap samples and tested in the original sample to estimate the optimism in
apparent performance measures [1]. The optimism was smallest for the 2 parameter model
(method 3), and largest with the 17 parameter model (method 8), where discrimination was
expected to decrease from 0.851 to 0.770, and the Brier score to increase from 0.040 to
0.048. The highest internal validity was found for method 3, with optimism-corrected estimates of c and Brier score of 0.772 and 0.065. This suggests that a model with updating of
fewer parameters may perform better in independent data than a more extensively updated
model. This issue was further studied with simulation experiments in samples of varying
size.

7. SIMULATION RESULTS
7.1. Updating with small validation samples
We rst evaluated updating methods in validation samples with 200, 500, or 1000 patients
from each of the 13 geographical regions considered. The average number of deaths was
14, 35 or 70, respectively. Since not all methods were considered realistic approaches in
the smallest samples, we did not evaluate methods 6–8 for n = 200. The average number of
parameters estimated with methods 4, 6, and 7 increased from 2.7, 3.4, and 9.7 with n = 500
to 3.1, 5.0, and 10.1 with n = 1000, respectively, reecting the increase in power for selection
of statistically signicant eects.
The average results of the updating methods are shown in Figure 3 for the eight methods
and sample sizes considered, both for unshrunken and shrunken models. The performance of
the models was determined on test parts within each of the 13 regions (n = 1000, Figure 1).
The calibration slope was close to one for methods 1 and 2, corresponding to the results
shown in Table III. As expected, the slope was also close to one when it was re-estimated in
the validation sample (method 3). More extensive updating led to a slope clearly below one,
especially when the full 8 or 16 predictor models were re-estimated in the smaller samples
(method 5 with n = 200: slope = 0:59, method 8 with n = 500: slope = 0:82). These slopes
reect the need for shrinkage in these situations. The unreliability statistic was lowest when
only the intercept was updated. No improvement was obtained by updating of the slope, while
the more extensive updating methods led to a further deterioration of reliability. Better results
were obtained with the shrinkage methods: the calibration slopes became closer to one, with
clear improvements for methods 5, 7 and 8.
Discriminative ability of the TIMI-II model was by denition not aected by the recalibration method 2 or 3, with a c statistic of 0.785. Discrimination was not improved by any of
the other updating methods, with a decrease to 0.742 by method 5 in the smallest samples
(n = 200). For the larger samples (n = 1000), shrinkage led to a slight improvement over
simple re-calibration, e.g. to 0.787 for methods 5, 7 and 8 with shrinkage.
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Figure 3. Dotcharts showing the average results for the eight updating methods (numbers 1 – 8) with or
without application of shrinkage in the updating of regression coecients. For methods 1 – 5, sample
sizes were 200, 500, or 1000 (3 rows). For methods 6 – 8, sample sizes were 500 or 1000 (2 rows).
Validation samples were drawn from 13 regions within the GUSTO-I study. Performance was determined
in independent test samples with n = 1000, as shown in Figure 1.

The Brier score reected the patterns observed with calibration and discrimination. Recalibration of the intercept (method 2) led to a low Brier score (good overall performance) for
all sample sizes (n = 200–1000). With methods 3–8, model performance deteriorated, unless
shrinkage was applied and a larger sample size was available for updating (e.g. methods 5,
7, 8 with n = 1000).
7.2. Updating with large validation samples
We further evaluated the updating methods with larger validation samples (n = 1000–10 000)
among the U.S. patients in the GUSTO-I data set (Figure 4). With these larger sample sizes we
would expect that especially methods 6–8 might perform better than before. Indeed, method
7 outperformed all other methods with respect to discrimination and overall performance for
n¿2000, although the dierences were small. Methods 4–8 required shrinkage to obtain a
slope of the linear predictor close to one, especially for n = 1000–2000.
7.3. Updating of smaller development samples
We also considered updating methods with the TIMI-II model was developed in smaller
samples (n = 500 instead of n = 3339) and validated in samples ranging from n = 200 to
1000. With n = 3339 for model development, the results were very similar to those of using
the original TIMI-II model (results not shown, closely resembling Figure 3). With n = 500 for
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Figure 4. Dotcharts showing the results of simulation studies in the U.S. patients from the GUSTO-I
study. Average results are shown for the eight updating methods (numbers 1 – 8), with or without
application of shrinkage in the updating of regression coecients. Validation sample sizes were 1000,
2000, 5000, or 10 000 (4 rows for each method), with test sample sizes of n = 10 000.

model development, we found that the slope of the linear predictor was around 0.8 (method
1 or 2, Figure 5). This reects a need for shrinkage, which is consistent with the small
development sample size. Updating of the slope (method 3) solved this problem.
The unreliability was considerable for method 1, and when methods 4 and 5 were applied
in the smallest validation samples (n = 200). Method 3 performed better than 2, which was
in contrast to the original TIMI-II model (developed in n = 3339).
The discriminative ability was hampered by the smaller size of the development data set
(c around 0.75 for methods 1–3, in contrast to around 0.78 for the original TIMI-II model).
A more satisfactory performance was obtained with methods 5, 7, or 8 for validation samples
sizes ¿500, especially when combined with shrinkage.
The Brier score was reasonable for method 3, but could further be reduced with other
methods when larger validation samples were available (n¿500). Shrinkage methods led to
better results for all performance measures, especially for small validation samples.
7.4. Other prediction models
Simple re-calibration (method 3) was also considered for two other prediction models: the
Belgium model and the GISSI-2 model. With validation in GUSTO-I we found calibration
slopes reasonably close to 1 for both models (1.26 and 0.87, Figure 6). These slopes are not
easy to grasp from the graph with probability scales, but are evident when log odds scales
are used. The intercepts were negative when the linear predictor was xed at unity (Method
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Figure 5. Dotcharts showing the results of simulation studies with smaller development samples (n = 500
instead of n = 3339 for the original TIMI-II model as shown in Figure 3). Average results are shown
for the eight updating methods (numbers 1 – 8), with or without application of shrinkage in the updating
of regression coecients. For methods 1 – 5, validation samples contained 200, 500, or 1000 patients
(3 rows). For methods 6 – 8, sample sizes were 500 or 1000 (2 rows). Performance was determined in
independent test samples with n = 1000, as shown in Figure 1.

Figure 6. Calibration plots of the Belgium model (developed in n = 477) and the GISSI-2 model
(developed in n = 9720) to predict 30-day mortality in GUSTO-I (n = 40 830).
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2,  − 0:46 and −0:44, respectively), reecting a lower mortality in GUSTO-I compared to
the earlier series.

8. DISCUSSION
The updating methods considered in this study dier in their extensiveness of adjusting a
previously published model. Methods that focus on calibration require estimation of only
one or two parameters (intercept, or intercept and overall slope) and are hence rather robust.
However, they rely on the assumption that the relative strength of predictors was approximately
similar in the development and validation samples. This assumption was reasonable in our case
study where a model developed in the TIMI-II study was validated in the GUSTO-I study.
Therefore improvements upon simple re-calibration methods were not possible with small
validation data sets. Further model revision was performed by re-estimating the regression
coecients for all predictors or only for those coecients that were clearly dierent in the
validation sample. Such revision was benecial if the development sample was small and if
the validation sample was of similar size or larger than the development sample. A more
extensive revision is to consider additional covariables. This made limited sense in our case
study, where the initial set of predictors already contained strongly predictive covariables,
which were modestly correlated with the additional predictors. Furthermore, the more extensive
revisions could harm the quality of the updated model for future patients in the validation
setting. The potential for harm by a priori ‘reasonable’ updating strategies is an important
nding of our study.
For all methods we assume that it is considered reasonable from a clinical point of view
to apply the previously published model in a new patient sample. The investigated updating
methods however decreased in the assumptions made about the similarity between development and validation populations. Method 1 (‘no updating’) assumes that nothing has changed
between the populations and that the previously estimated regression coecients (including
the intercept) are correct for the validation population. Method 2 allows for a dierence in
severity of the patients (‘case mix’), not reected in the model parameters. We may think of
a missed predictor in the model, for example related to the referral pattern of patients, or a
dierence in treatment that aects all patients in a similar way. Method 3 (‘re-calibration’)
allows for a generally smaller or larger eect of the predictors. It assumes that the relative
eects of the predictors are similar however. Methods 4 and 5 relax the latter assumption by
allowing adjustments of the relative eects. Eects of predictors might e.g. change when a
treatment specically aects patients with certain characteristics, or when denitions of predictors dier. Re-estimation of individual coecients may also be necessary when the correlations
between predictors are dierent in the validation setting compared to the development setting.
Methods 6–8 allow for more predictors to be included, which is related to the general issue
of prognostic model development. A key problem of such more extensive model revisions is
that overoptimistic predictions may be constructed, especially when a small validation data set
was used for updating. This overoptimism could be reduced by applying heuristic shrinkage
factors, in the same spirit as previous proposals [10, 11]. Shrinkage towards the re-calibrated
coecient values worked well for pre-specied models (methods 5 and 8), but also for methods that involved testing for a dierent eect of predictors (methods 4, 6, and 7). Shrinkage
not only led to an improvement in calibration, but also in discrimination.
Copyright ? 2004 John Wiley & Sons, Ltd.

Statist. Med. 2004; 23:2567–2586

2584

E. W. STEYERBERG ET AL.

We may view model revision with shrinkage as a way to provide regression coecients
that are updated to the extent supported by the data. This is noted from the heuristic formula
to calculate the shrinkage factor, where the t of a re-estimated and re-calibrated model is
compared. Recently, methods have been proposed that shrink coecients to zero, thus leading
to selection of parameters through shrinkage (Garotte [12], Lasso [13]). These approaches
might work even better for methods 4, 6, and 7, but are computationally more burdensome
to apply.
Our case study supported re-calibration for validation data sets that were smaller than the
development data set. Also, re-calibration was the main issue in a number of other prediction
problems, rather than revision of the full model. Especially, the intercept may be dierent in
other settings, while the slope remains close to unity. Examples include a survival model for
kidney graft survival, which had a slope of the linear predictor close to one in more recently
transplanted patients (0.97) [4]. In this study, between centre heterogeneity was modelled with
a mixed eect approach, assuming identical predictor eects across the centres. Further, the
slope was 0.985 when a externally developed risk-adjustment model was applied in a data set
of patients undergoing coronary artery bypass grafting [7]. Finally, in validation studies of a
prediction rule for testicular cancer patients, we found slopes of 0.97 and 0.91 [35–37].
On the other hand, examples have been given of models which calibrated and discriminated
poorly when validated externally [3]. These models were typically constructed in small data
sets, where a large set of candidate predictors was considered. Standard procedures were followed that lead to suboptimal predictive models, e.g. stepwise selection [16, 21, 33]. Shrinkage
was not applied, and internal validity was not assessed adequately. The resulting models had
calibration slopes that were far below 1 in external data [3], in line with our results with
smaller development data sets. In addition to adjustment of the intercept, re-estimation of
the slope is required, although one may doubt whether such models could be salvaged that
simply. Note that a slope correction could partly be seen as ‘post hoc shrinkage’, when some
sort of shrinkage was not performed earlier for a model constructed in a small data set.
We further note that a substantial size will be required for a validation sample to quantify
(in)validity in a reliable way, i.e. with enough power to exclude important miscalibration or
a substantial decrease in discriminative ability. In this respect, it is unfortunate that guidelines
for sample sizes in validation studies of regression models are lacking thus far. If a large
validation data set is available, a poorly performing model can actually largely be discarded.
It might then be most sensible to dene a new model, with predictors selected based on subject knowledge (other studies, expert opinion), and with estimation of regression coecients
including shrinkage [1, 16, 21].
A limitation of the GUSTO-I example is that the slope of the previously developed TIMIII model was very close to 1. This implies that limited improvement was possible with
respect to overall calibration. On the other hand, individual predictors had signicantly dierent eects in GUSTO-I compared to TIMI-II. A better incorporation of these eects should
be reected in performance measures such as the Brier score, but this was only noticeable with the larger validation samples (Section 6). Further, two other previously developed models performed rather similar to the TIMI-II model with respect to calibration slope
(Figure 6).
In conclusion, simple re-calibration may be a reasonable strategy to obtain a valid model
for another population, especially when a relatively small validation data set is available for
updating. Updating of all coecients may then harm predictive performance. We propose to
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perform shrinkage of updated coecients towards their re-calibrated values when a relatively
large validation data set is available.
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